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Abstract: We compute the quantum gravity partition function of M-theory on AdS4×X7 by
using localization techniques in four-dimensional gauged supergravity obtained by a consistent
truncation on the Sasaki-Einstein manifold X7. The supergravity path integral reduces to
a finite dimensional integral over two collective coordinates that parametrize the localizing
instanton solutions. The renormalized action of the off-shell instanton solutions depends linearly
and holomorphically on the “square root” prepotential evaluated at the center of AdS4. The
partition function resembles the Laplace transform of the wave function of a topological string
and with an assumption about the measure for the localization integral yields an Airy function
in precise agreement with the computation from the boundary ABJM theory on a 3-sphere.
Our bulk quantum gravity computation is nonperturbatively exact in four-dimensional Planck
length but ignores corrections due to brane-instantons.
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1. Introduction
Holography is one of the fundamental principles of quantum gravity to have emerged from the
study of black holes and black branes. A concrete realization of holography is provided within
the framework of string theory as an equivalence between quantum gravity in bulk anti de Sitter
space and a quantum field theory living at the boundary [1]. In its most ambitious formulation
this is supposed to be an exact quantum equivalence between the two theories.
While there is substantial evidence for this equivalence, it is far from being fully understood.
In particular, a bulk of the earlier work is in the limit of infinite N in the ’t Hooft expansion,
which corresponds to classical gravity in the bulk. As a result, most applications of holography
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have been in the direction of using the simpler classical gravitational description to learn about
the strongly coupled behavior of large N quantum field theories.
Given the centrality of the notion of holography for quantum gravity, it is clearly important
to go beyond the classical limit and study quantum effects in the bulk. After all, a primary
motivation for string theory is the possibility of unifying general relativity with quantum me-
chanics. These quantum effects in the bulk correspond to finite N effects in the boundary
theory which are of interest in their own right. An important advantage of the AdS/CFT
correspondence is that the boundary theory can guide the computation in the bulk. This is
especially useful given the notorious difficulties in making sense of the functional integral of
quantum gravity.
Such a study of finite N effects has met with considerable success in the context of
AdS2/CFT1 holography which arises near the horizon of dyonic supersymmetric black holes
in string theory. The logarithm of the gravity functional integral gives the quantum entropy
of the black hole which is the full quantum generalization of the Bekenstein-Hawking entropy
[2]. The role of N is played by the charges of the black hole. Large charge limit corresponds to
the large area limit for the black hole horizon. In this limit, the quantum entropy reduces to
the Bekenstein-Hawking-Wald entropy. Remarkably, in the simple example of one-eighth BPS
black holes in N = 8 supersymmetric theory in four dimensions, it seems possible to evaluate
the quantum gravity functional integral exactly, summing all perturbative and nonperturbative
corrections to the area formula [3, 4, 5]. Together, they beautifully reproduce a precise integer1
that equals the quantum degeneracy obtained from the microscopic counting.
The evaluation of the quantum gravity functional integral in AdS2 is made possible by
the use of localization techniques [6, 7, 3, 8] that ‘localize’ the functional integral onto an
integral on a finite-dimensional submanifold in field space that parametrizes the ‘localizing
instanton solutions’. In simple cases even this finite-dimensional integral can be evaluated
analytically giving a complete solution to the problem. Our goal in this paper is to extend
these localization techniques in supergravity to evaluate the bulk quantum gravity partition
function in the context of AdS4/CFT3 holography.
To describe our results more concretely we recall here a few relevant results from the
AdS4/CFT3 correspondence. This holographic relation is obtained by considering N M2-branes
in M-theory on R8/Zk. M-theory on the near horizon AdS4×S7/Zk geometry is holographically
dual to the ABJM Chern-Simons-matter theory [9]. The partition function of the ABJM theory
on S3 [10, 11] can be written in terms of the Airy function2 for large N in the ’t Hooft limit
(large N/k):
ZABJM ∝ Ai
[(
π2k
2
)1/3(
N − k
24
− 1
3k
)]
. (1.1)
1All essential physical ingredients of the Rademacher expansion required for obtaining a precise integer can
be computed, but a few technical subtleties remain to be understood better. See [5] for a discussion.
2As we review below, a similar expression is valid for a much larger class of 3d quiver Chern-Simons-matter
theories dual to M-theory on a tri-Sasaki-Einstein manifold X7. While our discussion here focuses on ABJM
theory, our results apply in the more general setup.
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which is perturbatively exact but ignores nonperturbative effects at large N . It is convenient to
write the argument of the Airy function as
z :=
(
π2k
2
)1/3(
N − k
24
− 1
3k
)
≡
(
π2k
2
)1/3
Nˆ (1.2)
The asymptotic expansion of the Airy function for large z is given by
Ai(z) ∼ 1
2
√
πz1/4
e−
2
3
z3/2
(
1− 5
48z3/2
+
385
4608z3
+ . . .
)
, z →∞ . (1.3)
It is useful to express these results in the Type-IIA string frame. M-theory on AdS4×S7/Zk
is dual to Type-IIA on AdS4 × CP3 with N units of F4 flux through AdS4 and k units of F2
flux through CP1 ⊂ CP3 [9]. Weak coupling and low curvature limit corresponds to the large N
and large k limit keeping the radius of curvature R of AdS4 large in units of the string length
l. In this limit, z is large and N ∼ Nˆ . In the Type-IIA frame, the 4d string coupling constant
g4 and the radius R are related to the integers k and N by
g24 ∼
1
Nk
∼ 1
N2
N
k
,
R2
l2
∼
(
N
k
) 1
2
(1.4)
The leading behavior of the free energy can be read off from (1.3):
FABJM := − log(ZABJM ) ∼ 2
3
z3/2 =
π
√
2
3
N2
(
k
N
) 1
2
∼ R
2
g24l
2
∼ R
2
l24
(1.5)
where l4 = g4l is the 4d Planck length. This reproduces the well-known N
3/2 behavior char-
acteristic of M2-branes which on the gravity side is obtained by evaluating the two-derivative
action which equals the square of the AdS4 radius in 4d Planck units.
We see from (1.3) that the expansion parameter is z3/2 ∼ R2/l24. The Airy function captures
an infinite number of perturbative corrections to the classical expression (1.5) for the free energy.
The logarithmic correction to the free energy was found recently in [12] by computing the one-
loop determinants of massless fields around the classical solution. Our objective will be to
reproduce the entire Airy function exactly.
An important subtlety concerns the shift in N to Nˆ . It is convenient to write it as
Nˆ
k
=
N
k
(
1− 1
24
k
N
− 1
3
1
kN
)
∼ N
k
(
1 + C1
l4
R4
+ C2 g
2
4
)
, (1.6)
where C1 and C2 are some constants. We see that C1 is a tree level higher derivative contribution
likely from the term
∫
B ∧ I8 whereas C2 is a one-loop correction. A partial explanation of this
shift can be found in [13]. In what follows, we do not attempt to explain this shift but simply
take the radius of AdS4 in 4d Planck units as being given, ignoring the distinction between N
and Nˆ . It would be interesting to compute this shift from a string computation in the bulk.
With this background we can now summarize the main results of the present work.
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• We obtain a two parameter family of localizing instanton solutions using the off-shell
formalism for superconformal gauged supergravity. These solutions with a nontrivial
profile for auxiliary fields explore regions in field space faraway from the on-shell solution.
• Using the square-root prepotential for the truncation of M-theory to AdS4 [14, 15] we
evaluate the renormalized off-shell action on the localizing submanifold. This off-shell
action is evaluated analytically and has a particularly simple form (5.29) that depends
linearly and holomorphically on the prepotential evaluated at the center of AdS4. At its
extremum it equals, as expected, the free energy (1.5) obtained from the on-shell action.
• Assuming a simple measure for the fields we can reproduce the Airy function with the right
coefficients as predicted from the gauge theory. At present we are not able to derive this
measure from first principles because of possible subtleties with gauge fixing to Poincare´
supergravity and we hope that this question will be resolved in the near future.
• We emphasize that the localizing solutions are determined entirely by the off-shell super-
symmetry transformations and do not depend on the form of the on-shell action. Thus,
reduction of the functional integral onto a two-dimensional ordinary integral is already an
enormous simplification even without knowing the physical action and the measure. For
this reason, the same localizing submanifold could be relevant for evaluating expectation
values of the operators loops that preserve the supersymmetries used for localization.
• Our results are exact ignoring nonperturbative corrections from world-sheet instantons
and Euclidean D2-brane instantons. These nonperturbative corrections can in principle be
computed by including their contributions to the Wilsonian effective action of supergravity
used for computing the renormalized action on the localizing submanifold3.
• In the boundary gauge theory, the Airy function has a natural representation as a Laplace-
like symplectic transform of the tree-level cubic prepotential of the topological string on
local CP1 × CP1 in the large-radius frame [11]. For the ABJM theory, it has been pro-
posed, using the matrix model representation, that the full non-perturbative completion
of the Airy function is given by an integral transform of the wave function of the refined
topological string on local CP1 × CP1 [16, 17, 18, 19]. It is thus tempting to conjecture
that this partition function is related to the exponential of the prepotential of the gauged
supergravity truncation on CP3. Note that even though there is no a priori notion of a
topological string for CP3, the prepotential for the chiral effective action in supergravity
is a well-defined object.
The organization of this paper is as follows. In §2 we review the localization of the boundary
field theory and the evaluation of the partition function in terms of the Airy function. In §3
we review the off-shell N = 2 supergravity formalism and the field content of varies offshell
supermultiplets. In §4 we describe the square-root prepotential relevant to this problem and
the supersymmetries of the vacuum AdS4 solution. In §5 we describe in the bulk supergravity
theory. We find the instanton solutions that preserve the localizing supersymmetry and evaluate
3In principle, there could be additional saddle points as for example the orbifold saddle points that give the
nonperturbative corrections to the black hole entropy [5].
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the renormalized action. With an assumption about the measure, we then show that the bulk
partition function is proportional to an Airy function.
2. Localization in the Boundary Gauge Theory and the Airy Function
We now describe the computation of the partition function of a large class of models described
by a Chern-Simons-Matter gauge theory on the S3 boundary of Euclidean AdS4. Our goal in
the subsequent sections will be to reproduce this partition function from the evaluation of the
quantum partition function of the dual gravitational theory.
Supersymmetric localization simplifies the calculation of a partition function of an arbitrary
Chern-Simons-Matter theory in 3d with N = 2 supersymmetry. The full path integral on S3
reduces to a finite dimensional integral over a constant mode of a single scalar field for each
vector multiplets [7, 20].
The resulting integral - a matrix model - can be solved by varied techniques. In simple
examples the integrals can be done directly in terms of known functions. In the case of ABJM
theory, the matrix model is very similar to that of the lens space Chern-Simons matrix model
for which the spectral curve is known [21, 22, 23]. This solution was used in [24] to calculate
the expectation value of Wilson loops and in [16] to calculate the S3 partition function. The
free energy exhibits a scaling of N3/2 where N is the rank of the gauge group with the exact
numerical prefactor matching the regularized classical action of 11d SUGRA on AdS4×S7/Zk.
Generalizations of this largeN behavior were found for a large class of theories and the prefactor
consistently matched the classical supergravity action of the dual M-theory on AdS4×X7, which
is proportional to the volume of the compact X7 [25, 26, 27, 28, 29, 30].
In the specific case of ABJM theory the solution of the matrix model includs recursive
corrections in 1/N which satisfy a holomorphic anomaly equation [17]. It was shown in [10] that
if nonperturbative effects in M-theory are ignored (M2-brane instantons), then this equation is
solved by the Airy function (1.1) These results were rederived directly from the matrix model
and generalized to other theories with N ≥ 3 SUSY in [11], as we review now.
The theories we consider are neckless quivers with r copies of U(N) gauge groups labeled by
a = 1, · · · , r. Each gauge group has a Chern-Simons term at level k(a) = n(a)k with∑n(a) = 0,
bifundamental chiral multiplets, and in addition an arbitrary number N
(a)
f of chiral multiplets
in the fundamentals of the gauge groups. In this case the matrix model of [7] is
Z(N) =
1
(N !)r
∫ ∏
a,i
dµ
(a)
i
2π
exp
[
in(a)k
4pi
(
µ
(a)
i
)2]
(
2 cosh
µ
(a)
i
2
)N(a)f
r∏
a=1
∏
i<j
(
2 sinh
µ
(a)
i −µ
(a)
j
2
)2
∏
i,j 2 cosh
µ
(a)
i −µ
(a+1)
j
2
(2.1)
The particular case of ABJM theory is when r = 2, n1 = −n2 = 1 and there is no
fundamental matter, so
ZABJM(N) =
1
(N !)2
∫ ∏
i
dµidνi
(2π)2
exp
[
ik
4π
(
µ2i − ν2i
)] ∏i<j (2 sinh µi−µj2 )2(2 sinh νi−νj2 )2∏
i,j
(
2 cosh
µi−νj
2
)2 (2.2)
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The main idea of [11] was to first compute a grand canonical potential instead of computing
the canonical partition function directly:
Ξ(z) = 1 +
∞∑
N=1
zNZ(N) (2.3)
Let us also define µ = log z and J(µ) = log Ξ(eµ).
By use of the Cauchy identity one can rewrite (2.1) as
Z(N) =
1
N !
∑
σ∈SN
(−1)σ
∫ ∏
i
dµ
(1)
i
2π
ρ(µ
(1)
i , µ
(1)
σ(i)) ,
ρ(µ
(1)
i , µ
(1)
j ) =
∫ r∏
a=2
dµ
(a)
j
2π
K1
(
µ
(1)
i , µ
(2)
j
) r∏
a=2
Ka
(
µ
(a)
j , µ
(a+1)
j
)
,
Ka
(
µ, µ′
)
=
exp
[
in(a)k
4pi
µ2
]
(
2 cosh µ
2
)N(a)f
1
2 cosh µ−µ
′
2
(2.4)
We can view ρ(µ, ν) as the matrix elements of a density matrix ρˆ = e−Hˆ and then the product
over ρ can be rearranged into a sum over conjugacy classes of the permutation group (i.e.
partitions of N) of Tr(ρˆ)lα with the appropriate multiplicities. The analogous expression for
the grand canonical partition function is much simpler than for the canonical one and is given
by a Fredholm determinant
Ξ = det(1 + zρˆ) =
∏
n
(1 + eµ−En) (2.5)
where En are the eigenvalues of the Hamiltonian Hˆ.
It can be shown [11] that classically this hamiltonian is
H(p, q) = log
[
2 cosh
q
2k
] r∑
a=1
N
(a)
f +
r∑
a=1
log
[
2 cosh
p−∑ab=1 n(b)q
2
]
(2.6)
For large p and q this is simply
H(p, q) ≈ 1
2
(
|q|
r∑
a=1
N
(a)
f
k
+
r∑
a=1
∣∣∣∣∣p−
a∑
b=1
n(b)q
∣∣∣∣∣
)
(2.7)
In the thermodynamic limit, the density of eigenvalues of Hˆ is the derivative of the number
of eigenstates below a given energy
ρ(E) =
∑
n
δ(E − λn) = dn(E)
dE
(2.8)
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In our case n(E) is given by the volume of phase space bound by the polygon H = E in the
(q, p) plane (2.7), which is of the form n(E) = c
k
E2, where c is a constant which depends on the
numbers N
(a)
f and n
(b) and is easily determined from (2.7). The inclusion of the first quantum
corrections shifts this by a constant n0 at large E. The expected behavior at large and small
E is captured by
n(E) =
c
k
E2 + n0(1− e−E) (2.9)
The full argumentation as well as the derivation of n0 for some examples can be found in [11].
The one particle partition function is given by
Tr(ρˆl) =
∫ ∞
0
dE ρ(E)e−lE (2.10)
and the grand canonical potential is (2.5)
J(µ) =
∫ ∞
0
dE ρ(E) log(1 + eµ−E) = −2c
k
Li3(−eµ) + n0µ(1 + e−µ) log(1 + e−µ)− n0 (2.11)
For large µ this is
J(µ) ≈ c
3k
µ3 +
(
π2c
3k
+ n0
)
µ−A (2.12)
The first two terms depend only on the quadratic growth in the number of states and the
constant shift n0. The ansatz for the non-perturbative corrections in (2.9) gives A = n0, but it
is possible to modify the e−E term without changing the large E or E ∼ 0 behavior and this
will affect the constant term, so we leave A as an undetermined constant.
Now the canonical partition function can be derived from the grand canonical potential by
Z(N) =
1
2πi
∫
dµ eJ(µ)−Nµ =
( c
k
)−1/3
eAAi
[( c
k
)−1/3(
N − π
2c
3k
− n0
)]
, (2.13)
In the case of ABJM theory the constants are c = 2/π2 and n0 = k/24 − 1/3k, which indeed
reproduces (1.1)
This Airy function expression is corrected by non-perturbative O(e−N) terms, which we
will not study. The three parameters: c, n0 and A depend only on the ~ = 1/2πk expansion
of the one-particle hamiltonian. c depends only on the classical Hamiltonian and is therefore
exact. n0 depends on the O(~) terms in the Hamiltonian as well as the quantum corrections to
the phase space boundary and is expected to be at most linear in k. The parameter A may have
higher order dependence in k. Even though the expansion is around k = 0, the fact that it is
perturbatively exact in N means that the argument of the Airy function is a robust expression
valid both in the ’t Hooft limit (large N fixed N/k) and the M-theory regime (large N fixed k).
3. Superconformal Formalism and Gauged Supergravity
We work with the action in four dimensions with N = 2 supersymmetry obtained as a consistent
truncation of M-theory action on a Sasaki-Einstein manifold X7. As we will describe in §4, the
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nearly massless fields that we work with consist of the supergravity multiplet, a universal
hypermultiplet (or the dualized tensor multiplet), and a single vector multiplet4.
For the purposes of localization it is most convenient to use an off-shell formalism to
describe the supersymmetry variations of all these multiplets. The main advantage is that the
off-shell supersymmetry transformations do not depend on the form of the physical on-shell
action. As a result the localizing instanton solution determined entirely by the supersymmetry
transformations is universal and therefore valid for any on-shell action.
Ordinary supergravity theories are invariant under local coordinate transformations, local
lorentz transformations and supertranslations. However an off-shell realization of the super-
Poincare algebra is usually very difficult, if at all possible. A different approach consists of
enlarging the super-Poincare group by including local superconformal transformations and then
using gauge fixing to reduce the theory to the usual super-Poincare gravity. The great advantage
of this formalism is that an off-shell construction is more easily implemented. In the following
we review the superconformal multiplet field contents and SUSY transformations.
The relevant N = 2 superconformal algebra consists of the generators,
Pa, Qi, Mab, D, Uij , S
i, Ka (3.1)
where Pa, Mab, D and Ka are respectively the generators of translations, Lorentz rotations,
dilatations and conformal boosts. They close into the conformal algebra. The remaining gener-
atorsQi and S
i encode usual supersymmetry and special conformal supersymmetry respectively.
The generator Uij corresponds to the four dimensional SU(2) R-symmetry.
In the superconformal formalism we add the gauge fields corresponding to the generators
above
eaµ, ψ
i
µ, ω
ab
µ , bµ, V ijµ , φiµ, faµ (3.2)
respectively. Here a and µ denote tangent and coordinate space indices respectively. Due
to a large gauge freedom we can impose additional constraints on the gauge fields via their
curvatures. This allows us to express the M, S and K gauge fields, respectively ωabµ , φ
i
µ and
faµ , in terms of the other fields. After this we can identify e
a
µ and ω
ab
µ as the vielbein and spin
connection respectively. Additional gauge fixing conditions can be used to fix both conformal
invariance and SU(2) R-symmetry leaving behind a super-Poincare subgroup.
In the following sections we present the field contents of the various supermultiplets of
superconformal supergravity and respective off-shell actions. We follow closely the four dimen-
sional construction of [31].
3.1 Weyl Multiplet
The Weyl multiplet, which we denote here byW, contains 24+24 independent field components
W =
(
eaµ, ψ
i
µ, bµ, Aµ,V iµ j , T ijab, χi, D
)
, (3.3)
4We require the Euclidean continuation of this theory. For the purposes of localization we relax the reality
conditions on the fields and look for complex saddle points in field space.
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eaµ is the vielbien, ψ
i
µ is the (left-handed) gravitino doublet associated with the N = 2 su-
persymmetries, bµ and Aµ are the gauge fields of dilatations and chiral U(1) R-symmetry
transformations respectively, and V iµ j are the gauge fields for the SU(2) R-symmetries. The
SU(2) doublet of Majorana spinors χi, the antisymmetric anti-selfdual field T ijab and the real
scalar field D are all auxiliary fields.
Under the Q and S supersymmetry and special conformal transformations, with parameters
ǫ, η,ΛaK respectively, the independent fields of the Weyl multiplet transform as:
δeµ
a = ǫi γaψµi + ǫi γ
aψµ
i ,
δψµ
i =2Dµǫi − 18Tabijγabγµǫj − γµηi
δbµ =
1
2
ǫiφµi − 34ǫiγµχi − 12ηiψµi + h.c. + ΛaKeµa ,
δAµ =
1
2
iǫiφµi +
3
4
iǫiγµ χi +
1
2
iηiψµi + h.c. ,
δVµij =2 ǫjφµi − 3ǫjγµ χi + 2ηj ψµi − (h.c. ; traceless) ,
δTab
ij =8 ǫ[iR(Q)ab
j] ,
δχi = − 1
12
γab /DTab
ij ǫj +
1
6
R(V)µνijγµνǫj − 13iRµν(A)γµνǫi +Dǫi + 112γabT abijηj ,
δD = ǫi /Dχi + ǫi /Dχ
i . (3.4)
where we defined the covariant derivative as follows
Dµǫi =
(
∂µ +
1
4
ωµ
cd γcd +
1
2
bµ +
i
2
Aµ
)
ǫi + 1
2
Vµij ǫj . (3.5)
3.2 Vector Multiplet
The field content of the vector multiplet consists of
XI =
(
XI ,ΩIi ,W
I
µ , Y
I
ij
)
(3.6)
with 8 + 8 degrees of freedom. XI is a complex scalar, the gaugini ΩIi are the SU(2) doublet
of chiral fermions, W Iµ is a vector field, and Y
I
ij are an SU(2) triplet of auxiliary scalars (this
means Yij = Yji and Yij = ǫikǫjlY
kl). The index I denotes the generators tI of the gauge group
G.
The Q, S-transformations of the vector multiplet fields are as follows
δX = ǫiΩi ,
δΩi =2 /DXǫi +
1
2
εijF−µνγµνǫj + Yijǫj + 2Xηi ,
δWµ = ε
ijǫi(γµΩj + 2ψµjX) + εijǫ
i(γµΩ
j + 2ψµ
jX) ,
δYij =2 ǫ(i /DΩj) + 2 εikεjl ǫ
(k /DΩl) , (3.7)
and we defined Fµν = Fµν − 1/4
(
XǫijT
ij
µν + h.c.
)
+ fermions with Fµν = ∂µWν − ∂νWµ.
For the problem at hand we will take the gauge group to be G = U(1)nV +1 where nv is the
number of physical vector multiplets. Note that the Weyl multiplet does not have any physical
vector and therefore we need to add a compensating I = 0 vector multiplet.
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3.3 Hypermultiplet
It is well-known that for the hypermultiplets of N = 2 supersymmetry, off-shell closure of the
supersymmetry algebra cannot be achieved with finite number of fields. We first describe the
on-shell hypermultiplet and then describe how off-shell closure can be achieved by adding an
infinite sequence of fields.
The hypermultiplets are based on scalars A αi and spinors ζ
α. The scalars are doublets
under the SU(2) four dimensional R-symmetry and transform in the fundamental of Sp(2r) so
that the index α takes values in 1 . . . 2r. The scalar fields satisfy a reality constraint
Aiα = (A
α
i )
∗ = ǫijραβA
β
j (3.8)
from which follows the consistency condition ραβρ
βγ = −δγα, with ραβ a 2r × 2r matrix. The
scalars can be seen as sections of a 4r hyperkahler manifold. In addition a subgroup G′ of the
gauge group G can act on the index α as a subgroup of Sp(2r). We will see later on that it is
the action of this subgroup G′ on the hypers that generates a cosmological constant.
The transformations under Q- and S-supersymmetry, with parameters ǫi and ηi respectively,
are
δA αi = 2εiζ
α + 2ραβεijε
jζβ (3.9)
δζα = /DA αi ε
i + 2gXαβA
β
i ǫ
ijεj + A
α
i η
i (3.10)
where we have defined the Lie-algebra valued quantities
Xαβ ≡ XItαIβ , X
α
β ≡ X
I
tαIβ (3.11)
with the generators satisfying the reality condition t βα ρβγ = ραβt
β
γ. The covariant derivative
has the form
DµA
α
i = ∂µA
α
i +
1
2
V jµiA
α
j − bµA αi − gW αµβA βi − ψµiζα − ραβεijψ
j
µζβ (3.12)
with g the coupling constant.
An on-shell counting shows that A αi and ζ
α cannot constitute an off-shell supermultiplet, as
there are 4r bosonic and 8r fermionic degrees of freedom. As a matter of fact the superconformal
algebra only closes provided the fields satisfy additional constraints. These constraints are
complete in the sense that they are invariant under supersymmetry and do not generate further
constraints. Further details can be found in [31].
To take the hypermultiplet off-shell we need to consider an infinite tower of hypermulti-
plet fields in sequences (A αi , ζ
α), (A αi , ζ
α)(z), (A αi , ζ
α)(zz), etc. All symmetries act identically
within each set of 2r fields, except for one abelian generator under which (A αi , ζ
α) goes into
(A αi , ζ
α)(z), (A αi , ζ
α)(z) into (A αi , ζ
α)(zz) and so on. This is the central charge generator. Clo-
sure of the superconformal algebra implies therefore an infinite set of constraints from which
only the fields (A αi , ζ
α, A
α(z)
i ) become independent. This is possible due to the structure of the
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constraints which consist of Klein-Gordon and Dirac type of equations. Under this setup the
SUSY transformation (3.10) gets modified to
δζα = /DA αi ε
i + 2gXαβA
β
i ǫ
ijεj + A
α
i η
i + aA
α(z)
i ǫ
ijεj (3.13)
where, as we will see next, the field A
α(z)
i becomes an auxiliary field in the sense that the action
does not contain a kinetic term for it. The field a is the scalar field of the vector multiplet
associated with the central charge translation and can be gauged away by setting a = 1. It will
not play any role in the following discussion except to produce a mass term for A
α(z)
i in the
Lagrangian.
To construct a Lagrangian for the independent fields (A αi , ζ
α, A
α(z)
i ) we need to first con-
struct a linear multiplet that couples the hypers (A αi , ζ
α) to (A αi , ζ
α)(z). This linear multiplet is
then contracted with the components of the vector multiplet associated with the central charge
resulting in a superconformal invariant density. After using the supersymmetry constraints,
which depend on the other hyper families, the resulting Lagrangian ends up depending only on
(A αi , ζ
α, A
α(z)
i ) as required. The final expression is [31]
L = [−DµAiβDµA αi −
1
6
RAiβA
α
i +
1
2
DAiβA
α
i + (|a|2 +W zµW µz)Ai (z)β A α(z)i
+ 4g2AiβX
α
γX
γ
δA
δ
i + gA
i
βY
jk α
γ A
γ
k ǫij ]d
β
α + fermionic terms
(3.14)
where d βα is a matrix with the follwoing properties:
Hermitician: d βα ≡ d αβ ,
quaternionic: d βα = ǫγαǫ
δβdγδ ,
gauge invariant: tγαd
β
γ + d
γ
α t
β
γ = 0 .
(3.15)
As shown in appendix of [31] the matrix d βα can be brought to the diagonal form which we
choose to be d βα = −δβα.
4. N = 2 Supersymmetry and the AdS4 Vacuum Solution
All gauge theories described in section 2 have a dual description as M-theory on AdS4 × X7,
where X7 is an appropriate compact tri-Sasaki-Einstein seven-manifold
5 as described in detail in
[14]. For the ABJM theory, X7 = S
7/Zk which can be seen as an Hopf fibration overM6 = CP
3,
but our discussion below is applicable to a general X7.
6
Since we do not know how to implement localization directly in the 11-dimensional M-
theory, we will use the 4-dimensional truncation to AdS4 and restrict to a minimal set of fields
5A tri-Sasaki-Einstein manifold is dual to gauge theories with three supersymmetries which exhibit the
universal Airy function behavior.
6Some examples of M6 for other Sasaki-Einstein Manifolds can be found e.g., in [32, 33].
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which form a consistent truncation7. The truncation has a natural interpretation as a flux
compactification on a 6d manifold with SU(3) structure [14] and the massless sector is easiest
to understand in this description. The four scalar fields of the universal hypermultiplet arise
from the dilaton, the dualized NS two-form B and a complex scalar arising from the 3-form RR
potential C(3) parallel to the (3,0) form on M6. The vector multiplet contains a vector coming
from the C(3) field parallel to the Ka¨hler form and a complex scalar that corresponds to the
complexified Ka¨hler modulus. The presence of fluxes and the fact that the (3,0) form is not
closed leads to a gauging of the four-dimensional supergravity and gives masses to some of the
fields. This truncation is consistent and hence there is no ambiguity about which massive KK
modes should be kept in the classical four-dimensional theory.
The resulting truncated theory in four dimensions is described by [14] with the prepotential
F =
√
X0(X1)3 . (4.1)
The reduction of the Sasaki-Einstein manifold naturally leads to a cubic prepotential as for
the usual Calabi-Yau reductions. After dualization one obtains the somewhat unusual, non-
polynomial, square-root form of the prepotential. The main advantage of the square-root
prepotential is that one does not have to deal with a tensor multiplet and the full off-shell
supersymmetry transformations in the gauged supergravity are explicitly known.
To construct an AdS4 background we require gauged supergravity, which in this context
can be obtained by introducing a charged compensator. The idea is to consider a system of
nV +1 vector multiplets coupled to a charged conformal hypermultiplet A
α
i , with α = 1, 2. We
consider a model with charges
tIA
α
i = PI(iσ
3)αβA
β
i (4.2)
where PI are the moment maps on the hyperkahler manifold. After fixing the U gauge trans-
formation by A αi ∝ δαi then generates a negative cosmological constant via the hypermultiplet
couplings as we show later on.
In the following sections we describe the AdS4 vacuum of the theory, which preserves eight
supercharges, by solving the off-shell SUSY equations in this background. We first solve the
gravitini equations to find the Killing spinors and then proceed to find the values of the fields
for both the vectors and hypers of the off-shell gauged supergravity. We end by showing that
the solutions are consistent with the equations of motion.
4.1 SUSY Equations
For the vacuum AdS4 solution we take the hyperbolic metric
ds2 = L2
(
dη2 + sinh2(η)dΩ23
)
(4.3)
where dΩ23 denotes the metric of the round S
3, and L is the size of AdS4 in the M-theory frame.
We assume that any field with non-zero spin is zero. This is justified by the fact that the
geometry does not have any non-trivial cycles.
7In principle one should include the infinite tower of massive Kaluza-Klein modes. We assume that the
truncated theory is adequate for discussing localization.
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We start by solving the BPS equations for the Weyl multiplet. The equation δχ = 0 gives
automatically D = 0. Note that this field cannot be determined solely by its equation of motion
since it acts as a Lagrange multiplier. The vanishing of the gravitini variation gives the Killing
spinor equations
δψiµ = 2∇µǫi − γµηi = 0 (4.4)
where i, j are the four dimensional SU(2) R-symmetry indices and we have taken the on-shell
values for bµ, Aµ,Vµij = 0 in the covariant derivative (3.5). We have used the convention that
up (down) indices for ǫ denote positive (negative) chirality and the opposite for η. The δψi
equation is obtained by lowering or raising the indices. In the Euclidean theory, it is more
convenient to use the Dirac notation. For this purpose, we first relabel different indices as
[4, 34]
ξi+ ≡ ǫi, ǫi ≡ iǫijξj−; ηi ≡ −ǫijηj+, ηi ≡ iηi− (4.5)
and then reassemble these components into Dirac spinors ξ = (ξi+, ξ
i
−) and η = (η
i
+, η
i
−). In the
Euclidean theory the two chiral representations are not complex conjugates of each other.
In the Dirac notation, the Killing spinor equation becomes
δψiµ = 2∇µξi − iγµηi = 0 . (4.6)
The N = 2 Killing spinor equation in AdS4 space has the form
∇µξi = i
2L
γ5γµq
i
jξ
j (4.7)
with q2 = I, so that the space has constant negative curvature. This suggests that we choose
η in (4.6) to be of the form [35]
ηi = − 1
L
γ5σ
i
3jξ
j (4.8)
with σ3 the Pauli matrix diag(1,−1). Equation (4.6) now becomes
∇µξi = i
2L
γ5γµσ
i
3jξ
j (4.9)
in agreement with (4.7). The resulting Q-supersymmetry is then a combination of a Q(ξ) and
S(ξ)-supersymmetries. Explicit solutions of this equation are described in the appendix A.
We now consider the vector multiplet BPS equations. After setting Fµν = Tµν = 0 we find
δΩi+ = −i/∂Xξi− −
1
2
Y ijξ
j
+ +Xη
i
+ = 0
δΩi− = −i/∂Xξi+ −
1
2
Y ijξ
j
− +Xη
i
− = 0
(4.10)
where the ± indices denote chirality. We have denoted Y ij ≡ ǫjkY ik so that we also have
Yij = ǫikY
k
j . If we parametrize the scalars by X = H + iJ then, in Dirac notation, we have
−i/∂(H − iγ5J)ξi − 1
2
Y ijξ
j − 1
L
(H + iγ5J)γ5(σ3)
i
jξ
j = 0, (4.11)
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where we used the choice (4.8) for η. This equation must be satisfied for all the eight Killing
spinors. It is easy to see that these equations are solved for constant values of the scalars
X, Y . In appendix B we show that this is indeed the only solution. To see that we consider
the solution to the BPS equation for a particular Killing spinor, which has a non-trivial spatial
dependence (see the next section). Then we notice that when choosing different Killing spinors
the solutions are compatible only when the scalars are constant. We therefore have the solution
H = 0, Y 11 = −Y 22 = −2i
J
L
, Y 12 = −Y 21 = 0 . (4.12)
It is simple to check that this is also a solution of the equations of motion (4.23), which is of
course a consequence of supersymmetry. The value of J is determined by the hypers SUSY
equations as we show in the following.
The BPS equations for the hypers imply
δζα+ = i /∇Ai αǫijξj− + 2gX βα Ai βǫijξj+ −Ai αǫijηj+ + aAi(z)α ǫijξj+ = 0
δζα− = /∇A αi ξi+ + 2giXαβA βi ǫijǫjkξk− + iA αi ηi− − iaA(z)αi ξi− = 0
(4.13)
where we have defined ∇Ai α by setting the gauge fields and the fermions to zero in (3.12).
Using the relations (3.8), (3.11) we obtain the SUSY equation in the Dirac basis
/∇A αi ξi − 2gi(HI − iγ5JI)tαIβA βi ξi + iA αi ηi − iF αi ξi = 0 (4.14)
where F αi ≡ aA(z)αi is the auxiliary field which has the reality constraint F αi = (F iα)∗ =
ǫijǫ
αβF jβ [31, ?]. Using (4.2), the gauge choice A
i
α ∝ δiα and substituting the expression for η
(4.8) the SUSY equation becomes[
2g(H · P )− 2giγ5(J · P )− i
L
γ5
]
Aαi σ
i
3jξ
j − iF αi ξi = 0 (4.15)
where we used the notation J · P = JIPI . Since we want this equation to be valid for any
Killing spinor ξ we need
F αi = −i2gAαj σj3i(H · P ) = 0, 2g(J · P ) = −
1
L
(4.16)
4.2 An Attractor Solution
In the following we show that the solution to the SUSY equations obtained in the last section are
consistent with the equations of motion. We further show that all the fields become completely
determined in terms of the AdS4 scale L resulting in an attractor phenomenon for the scalar
fields. The scale L in turn is related to the flux N by8 [9]
N =
6L6 vol(X7)
(2πlp)6
. (4.17)
8We define the internal space metric as ds2internal = L
2ds2X7 so that vol(X7) does not carry powers of L.
– 14 –
The two derivative off-shell action for the bosonic fields is
S =
∫
d4x
√
g
[
NIJX
I
XJ
(
R
6
+D
)
+NIJ∂X
I
∂XJ − 1
8
NIJY
ijIY Jij +(
−∇Aiβ∇A αi −
(
R
6
− D
2
)
AiβA
α
i + F
i
βF
α
i + 4g
2AiβX
α
γX
γ
δA
δ
i + gA
i
βY
jkα
γ A
γ
k ǫij
)
d βα
]
(4.18)
where NIJ := (FIJ − FIJ)/2i with FIJ := ∂I∂JF (X) and we have used the definition for the
auxiliary field F αi = aA
(z)α
i in the action (3.14). Further details can be found in [31, ?].
The field D acts as a Lagrange multiplier which then gives the equation of motion
NIJX
I
XJ +
1
2
Ai βA
α
i d
β
α = 0 (4.19)
At the same time we fix the coefficient of the Einstein-Hilbert term to have the canonical form
1
6
NIJX
I
XJ − 1
6
Ai βA
α
i d
β
α =
1
16πG
(4.20)
with G the four dimensional Newton’s constant. In the off-shell computation both equalities
(4.19) and (4.20) are valid only at infinity where the scalars approach their constant boundary
value.
Solving both (4.19) and (4.20) equations we get
NIJX
I
XJ =
1
8πG
, Ai βA
α
i d
β
α = −
1
4πG
(4.21)
For the gauge A αi = φδ
α
i this gives
φ =
1√
8πG
(4.22)
after using d αα = −2. In Poincare supergravity the equations (4.21) are gauge fixing conditions.
Here these are only valid at asymptotic infinity so we don’t impose any further constraint on
the scalars.
The remaining equations of motion are computed to give
Y : NIJY
J1
1 =
gi
2πG
PI , Y
I1
2 = Y
I2
1 = 0, (4.23a)
X : − 2
L2
NIJX
J − 2
L2
∂INHKX
HX
K
+
1
4
∂INKHY
K1
1Y
H1
1 +
g2
πG
X
K
PKPI = 0 (4.23b)
A2 : − 4
L2
+ 8g2(J · P )2 − 4g
L
(J · P ) = 0 (4.23c)
F : F αi = 0 (4.23d)
Gµν :
1
4
R + 8g2(J · P )2 − 4g
L
(J · P )− 1
L2
= 0, (4.23e)
In deriving these equations we have used the fact that R(AdS4) = −12/L2 and Y 11 = −Y 22 =
−2iJ/L at intermediate steps. Contracting equation (4.23b) with XI we deduce
NIJX
I
XJ =
L2g2
2πG
(X
I
PI)(X
IPI) (4.24)
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where we used the fact that XI∂INHKX
HX
K
= 0, valid for any homogeneous function F (X)
with weyl weight 2. Together with equation (4.23a) we have
4g2(J · P )2 + 2g
L
(J · P ) = 0, 8g2(J · P )2 = 2
L2
. (4.25)
This gives back the condition (4.16)
2g(J · P ) = − 1
L
(4.26)
which is also consistent with Einstein’s equation (4.23e). Note that equation (4.23b) imposes
additional constraints on the scalars.
We now apply this general formalism to our model with the prepotential (4.1). We start
by fixing the values of the scalars at asymptotic infinity. Equation (4.21) becomes
1
4i
|X0|2
(√
X1
X0
−
√
X1
X0
)3
=
1
8πG
⇔ (J0)1/2(J1)3/2 = i
16πG
. (4.27)
where we have chosen the branch cut of
√
X1/X0 along the negative real line and
√−1 = −i.9
Equations (4.23a) and (4.23b) give the attractor equations
8gLJ0P0 = −1, 8gLJ1P1 = −3 (4.28)
which will be used later on to show that the renormalized action depends only on the size of
AdS4 through the scaling variable z in (1.2) related to the radius of curvature of AdS4 in the
units of 4d Planck length (1.5).
5. Localization in Bulk Supergravity and the Airy Function
In order to use localization we need a “real” fermionic symmetry that squares to a compact
U(1) together with possible gauge transformations, that is,
δ2 = LU(1) +G. (5.1)
For the problem at hand we choose the Killing spinor (A.9)
ξ =
(
χ+ × ǫ1−
(σ3χ+)× ǫ2−
)
, (5.2)
normalized so that ξ†ξ = cosh(η). The associated Killing vector v
v = ξ†γµξ∂µ = 2ǫ
†
−γ
iǫ−∂i (5.3)
9This choice is justified by the fact that we are taking J0 > 0 and J1 < 0.
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generates translations along the Hopf fiber of S3. Using the supersymmetric transformations
of the vector fields we can check that the fermionic symmetry generated by that Killing spinor
is in fact a coordinate translation plus a gauge transformation. This is already guaranteed
by the off-shell closure of the superconformal algebra. However, note that our choice for η
(4.8) is consistent with the localization principle in the sense that it doesn’t generate conformal
transformations since ξ†η = 0. Therefore a deformation to the path integral of the form
δS = −tδ((δψ)†ψ) (5.4)
with ψ any fermion field in the theory, is exact. The bosonic part of this deformation acts as a
regulator and dominates the path integral in the limit t→∞. In this limit the theory projects
onto the saddle points of the deformation and the semiclassical aproximation becomes exact.
This is the localization principle. Since the bosonic action is a positive definite quantity, the
saddles are determined by the BPS equations
δξψ = 0. (5.5)
These are coupled first order differential equations we need to solve on the AdS4 background
with certain boundary conditions. In appendix B we construct the bosonic part of the local-
ization action. We find the instanton solution
XI = HI + iJI = iJI +
JIhI
cosh(η)
, (5.6)
(Y I)11 = −(Y I)22 = −2i
JI
L
+ 2
JIhI
L cosh2(η)
, (I = 0, 1) (5.7)
where JI are fixed to the attractor values (4.27), (4.28) and hI are real numbers that parametrize
the solutions, and there is no summation over the index I on the right hand side of these
equations. Note that the auxiliary fields Y I have a non-trivial profile which allows for the
scalar fields XI to climb above the attractor value. This is a common feature of localization in
supersymmetric field theories. The space of solutions is therefore Rnv+1, with nv the number of
vector multiplets and in our case nv = 1. These solutions are also reminiscent of the localization
problem on AdS2 × S2 relevant for black hole entropy [4, 8, 36].
In the hypermultiplet sector the story is a bit more complicated, because the off-shell ex-
tension of the hypermultiplet requires considering an infinite set of hypermultiplets as explained
before in §3.3. An important obstacle to localization of the off-shell hypermultiplet is that it
requires solving the BPS equation (5.5) under some constraints. To circumvent this problem
we proceed in a different way. We solve the off-shell hyper susy equations for all Killing spinors
and interpret the off-shell solution as a background for the hypers rather then an off-shell saddle
point of an exact deformation. We believe that both point of views should be equivalent but
right now we lack a clear technical understanding. We find (check appendix B)
F αi =
2g√
8πG
HIPIσ
α
3i, A
α
i =
1√
8πG
δαi (5.8)
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with H given as in (5.6).
In this gauge only the scalar fields in the vector multiplets are excited for the off-shell
localizing solution and the metric is held fixed. However, the Weyl-invariant physical metric
depends on the conformal factor constructed from the scalar fields which is precisely NIJX
IX
J
and this has a nontrivial profile for the localizing solution.
5.1 Action on the Localization Locus
In this subsection we turn to the evaluation of the physical action (4.18) on these localizing
solutions. The resulting expression is quite complicated but after manipulations in mathematica
can be seen to be integrable. Some of the intermediate steps are described in the appendix C.
Below we present the main results.
Consider first the action for the gravity multiplet coupled to vector multiplets evaluated
on the localization saddles (5.6):
Svec =
∫
d4x
√
g
[
NIJX
I
XJ
R
6
+NIJ∂X
I
∂XJ − 1
8
NIJY
ijIY Jij
]
Loc. locus
. (5.9)
It is convenient to define the coordinate r = cosh(η) so that r = 1 is the center of AdS4 and
r →∞ is the boundary. At very large r, the integral diverges and we regularize it with a cutoff
r0. Thus the r integral has two boundaries, one at r = 1 and the other at r = r0. Up to terms
that vanish faster than O(1/r0), we obtain
Svec = −Ω3L
2
32πG
[
4r30 +
r0
2
(3(h1)2 + 6h1h0 − (h0)2 − 24) + 2ir0(3h1 + h0)
+ 8(1− ih1)3/2
√
1− ih0
] (5.10)
where we have used
√
J0(J1)3/2i = 1/32πG (4.27).
Now consider the action for the hypermultiplet sector (3.14):
Shyp =
∫
d4x
√
g
[
−1
6
RA2 +
(
4g2Ai βX
α
γX
γ
δA
δ
i + gA
i
βY
jkα
γ A
γ
k ǫij + F
α
i F
i
β
)
d βα
]
(5.11)
Note that this action vanishes at the on-shell level because being proportional to A2, the pro-
portionality factor, at on-shell level, equals the equations of motion. For our off-shell localizing
solutions, on the other hand, we obtain
Shyp = i
Ω3L
2
16πG
(r0 − 2)(h0 + 3h1) +O(1/r0) (5.12)
The divergence in this term is cancelled precisely by the term linear in h and h0 coming from
(5.10) which is what one expects if the variational problem is well-defined. We are thus left
with the total action
S = −Ω3L
2
32πG
[
4r30 +
r0
2
(
3(h1)2 + 6h1h0 − (h0)2 − 24)+ 8(1− ih1)3/2√1− ih0 + 4i(3h1 + h0)] .
(5.13)
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5.2 Holographic Renormalization and Flux Boundary Term
In this section we construct the boundary counterterms that remove cuttoff r0 dependent terms
in the action (5.13). This is the usual procedure of holographic renormalization [37, 38]. We
show that these terms do not contribute with additional h0, h dependent terms to the renor-
malized action. This is a priori possible since the scalars decay at infinity as 1/r0 with r0
the IR cuttoff and therefore a suitable local combination of these with other boundary scalar
quantities could result in h0, h dependence. These counterterms should arise naturally from su-
persymmetric considerations. In this work nevertheless we only consider bosonic counterterms
without caring about their supersymmetric completion.
In terms of the cuttoff r0 the divergence goes as
Ω3L
2
8πG
[
−r30 + r0
(
3− 3(h
1)2 + 6h1h0 − (h0)2
8
)]
(5.14)
To remove the IR divergence (5.14) we can add the boundary action
Scounter-term = SGH +
1
2
SB2 (5.15)
where SGH is the Gibbons-Hawking term obtained from varying the Ricci scalar in the vector
multiplet action
SGH =
∫
d3x
√
g3NIJX
I
XJ
κ
3
= Ω3L
2
√
J0(J)3
2i
(
1 +
3(h1)2 + 6h1h0 − (h0)2
8r20
)
r0(r
2
0 − 1)
=
Ω3L
2
8πG
[
r30 − r0
(
1− 3(h
1)2 + 6h1h0 − (h0)2
8
)]
,
(5.16)
with the trace of the extrinsic curvature given by κ = 3 coth(η0)/L, and SB2 is the boundary
term that is proportional to the scalar curvature of the boundary manifoldR = 24/(L2 sinh2(η))
SB2 = −
∫
d3x
√
g3NIJX
I
XJ
LR
6
= −Ω3L2
√
J0(J)3
2i
(
1 +
3(h1)2 + 6h1h0 − (h0)2
8r20
)
4
√
r20 − 1
∼ Ω3L
2
8πG
[−4r0] .
(5.17)
These two terms exactly cancel the divergence in (5.14). However, the equivalent term stemming
from the curvature coupling in the hypermultiplet action reintroduces the divergence∫
d3x
√
g3(−A2)
(
κ
3
− R
12
)
= Ω3L
2 −1
4πG
(
r0(r
2
0 − 1)− 2
√
r20 − 1
)
∼ −Ω3L
2
4πG
(r30 − 3r0) .
(5.18)
Besides these boundary terms we should consider a new kind of boundary term, one of
topological nature. In M-theory language this boundary term can be seen to source N units
of electric flux for the 3-form field C3 that couples to the M2-branes forcing us to work in the
– 19 –
microcanonical ensemble. This discussion is very similar to what happens in the AdS2 case,
where the electric field is non-normalizable and has to be fixed in the path integral while the
chemical potential can fluctuate [2]. To guarantee that the equations of motion are satisfied
also at the boundary one inserts boundary Wilson lines. In the AdS4 case, the C3 field is given
in the coordinates (4.3) by
F4 = aωAdS4 ⇒ C3 =
[
a
(
1
3
cosh3(η)− cosh(η)
)
+ b
]
dΩ3 (5.19)
where a, b are constants. We thus see that the C3 field suffers from the same behaviour as
in the AdS2 case - its flux is non-normalizable at the boundary of AdS4 and has to be fixed
in the path integral. By the same token we should allow the mode b to fluctuate. However
under the M-theory truncation to four dimensions the flux becomes non-dynamical, as we use
its equations of motion, and we do not see it in the formalism developed before.
To determine the correct boundary term for the C3 flux we consider the truncated on-shell
action in four dimensions as a function of its field strength F4. A naive reduction from eleven
to four dimensions would result in an action
L7 vol(X7)
64πG11
∫
d4x
√
g4
(
R(g4) +
1
4L2
R(X7)− 1
8 · 4!F
2
4
)
(5.20)
However plugging in the on-shell value of F 24 /4! = −36/L2 does not give the correct cosmological
constant. It is well known that it is the action (5.20) with the sign in F 2 flipped that gives
a good truncation of the theory to four dimensions [14]. The on-shell truncated action as a
function of the field strength F4 = dC3 is therefore
1
16πG11
∫
AdS4×X7
2
3
F 24
4!
(5.21)
On the other hand, the on-shell value of C3 is given by (5.19) with a = 3iL
3/8, such that the
flux integrates to N ∫
X7
⋆F4 = i6L
6 vol(X7) = i(2π)
6N. (5.22)
Regularity of C3 at η = 0, where the size of S
3 shrinks to zero, determines the value of b to be
b = 2a/3.
As stated above, from a holographic point of view we want to keep the non-normalizable
mode a fixed and integrate over the normalizable one, b. A correct variational principle10 for
the C3 field therefore requires adding the boundary term
−i N
3π2
∫
S3
C3 (5.23)
10Starting from
∫
F4 ∧ ⋆F4 a variation of C3 gives ∼
∫
d(C3 ∧ ⋆F4) from which follows the boundary term.
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The divergence of this topological term exactly cancels the remaining divergence from the
boundary contribution to the hypermultiplet action (5.18). The remaining finite part of (5.23)
then modifies the renormalized action (5.13), that is,
S → S + π2
√
2
3
k1/2N3/2 (5.24)
where we have used that
L7 vol(X7)
4 · 16πG11 =
L7 vol(X7)
4 · (2π)8 =
1
16πG4
(5.25)
in units where lP = 1 and vol(X7) ∼ vol(M6)/k.
5.3 The Final Integral and the Airy Function
After regularization the renormalized action becomes
Sren = −π
√
2
3
k1/2N3/2
[
(1− ih1)3/2√1− ih0 + i
2
(3h1 + h0)− 2
]
(5.26)
where the constant contribution in the formula above comes from the flux boundary term (5.24).
We have used the formula
Ω3L
2
4πG
=
π
√
2
3
k1/2N3/2 (5.27)
with the help of (5.22) and (5.25).
It is convenient to define new variables φI as
φ0 :=
π
3
√
2
N3/2
k1/2
(1− ih0), φ1 := π√
2
k1/2N1/2(1− ih1). (5.28)
Up to a proportionality factor these are the values of the fields XI for the localizing solutions
at the center of AdS4 (5.6). The renormalized action (5.26) becomes simply
Sren = −2
√
2
π
√
3
√
φ0(φ1)3 +Nφ1 + kφ0 . (5.29)
We thus see that the localization integral looks precisely like a Laplace transform of the partition
function
Z(φ) = eF (φ), with F (φ) =
2
√
2
π
√
3
√
φ0(φ1)3. (5.30)
Note that the euclidean path integral is weighted with e−Sren . With these variables it also
makes clear that we are working in a microcanonical ensemble with N, k the two “electric
charges” of the problem. From the eleven dimensional point of view N being the flux on AdS4
is effectively ellectric while the charge k is magnetic because it is the flux of the Hopf fiber. This
apparent contradiction is explained by noticing that the theory where the prepotential is the
“square root” one is obtained from the original truncation after a symplectic transformation.
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This being an electric-magnetic duality transformation turns k to be electric. After massaging
equation (5.29) we obtain
−Sren = −k
(√
φ0 − 1
πk
√
2
3
(φ1)3/2
)2
+
2
3π2k
(φ1)3 −Nφ1 (5.31)
Note that 2(φ1)3/3π2k is just the grand canonical potential (2.12) in variables where φ1 = µ.
Since the renormalized action appears in the exponent of a functional integral, the leading
large N behavior can be extracted easily in the saddle point approximation. For this purpose it
is not necessary to know the full measure on the collective coordinate manifold. It is sufficient to
evaluate the renormalized action at the extremum of the function of two variables φ0 and φ1 in
(5.31). The resulting expression for the free energy matches with the expression that is usually
obtained on the gravity side by evaluating the on shell action. Note that our computation
is around a very different off-shell configurations that has nothing to do with the classical
equations of motion of the on-shell theory and the computation of the renormalized action
involves a complicated integral over space-time coordinates. It is thus a useful check that one
obtains a simple analytic expression for the renormalized action with the correct behavior at
the saddle point.
If we can integrate explicitly the gaussian in (5.31), for which we assume a flat measure for
the variables (u =
√
φ0, µ = φ1), then the final expression for the integral is
ZABJM =
∫
e−S =
∫ γ+i∞
γ−i∞
dµ exp
(
2
3π2k
µ3 −Nµ
)
(5.32)
where γ = πk1/2N1/2/
√
2, which we identify with the gauge theory computation (2.13) in
section 2. After deforming the contour11 we can rewrite, up to a normalization factor, ZABJM
as
ZABJM =
∫ ∞e+i pi3
∞e−i
pi
3
dt exp
[
1
3
t3 − zt
]
= Ai(z), z = (π2k/2)1/3N = zABJM (5.33)
which is the exact answer up to 1/N corrections in zABJM .
Our results are reminiscent of a similar story for BPS black holes and AdS2 holography. In
that context, it was conjectured [39] that the exact black hole degeneracies are related to an
appropriate Laplace transform of |Ztop|2 where Ztop is the partition function of the topological
string associated with the Calabi-Yau manifold of compactification. Using localization tech-
niques for the AdS2 × S2 near horizon background, it was shown in [4], that the integrand for
localization integral is indeed proportional to |Ztop|2 if one ignores nonperturbative corrections.
In the present context of AdS4, we are obtaining an integrand that is proportional to the holo-
morphic Ztop but with just the tree level square-root prepotential. A connection to topological
11We start by deforming the contour {1− i∞, 1+ i∞} to {ǫ− i∞, ǫ+ i∞}, with 0 < ǫ ≪ 1. Then it becomes
easy to show that we can deform the contour to a triangle shape within the angles ]pi
2
, pi
6
[ in the upper half and
]− pi
2
,−pi
6
[ in the lower half.
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string in this case is not immediately clear because we have a gauged supergravity obtained by a
consistent truncation rather than an ungauged supergravity obtained by a compactification on
a Calabi-Yau manifold. However, the following observations suggest a tantalizing connection.
To be concrete, we consider the best-understood case of the ABJM theory which corre-
sponds to a truncation of Type-IIA on CP3. In the boundary gauge theory, the Airy function
has a natural representation as a Laplace-like symplectic transform of the tree-level cubic pre-
potential of the topological string on local CP1×CP1 in the large-radius frame [11]. It is striking
that our computation from localization in the bulk supergravity yields a very similar integral
representation for the Airy function, and moreover the square-root potential is related to the
cubic one by a symplectic transformation. It is natural to ask which quantity provides the
nonperturbative completion of the tree-level prepotential. Such a prepotential would then be
the input for evaluating the renormalized action on our localizing solutions. There is no a pri-
ori notion of a topological string for CP3; however, the prepotential that determines the chiral
effective action of the gauged supergravity is a well-defined object. Now, it has been proposed,
using the matrix model representation, that the exact prepotential for the local CP1 × CP1 is
computed by the refined topological string [16, 17, 18, 19]. This answer would include correc-
tions both from world-sheet instantons and Euclidean D2-brane instantons and would give the
fully quantum corrected partition function for the ABJM theory which nonperturbatively com-
pletes the Airy function. It is thus tempting to conjecture that the instanton-corrected exact
prepotential of the refined topological string on local CP1 × CP1 has a physical interpretation
as the prepotential of the gauged supergravity obtained by a truncation on CP3.
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A. Killing spinors of the vacuum AdS4 solution
In this appendix we describe the solutions to the Killing spinor equations (4.9). We use greek
indices µ, ν . . . for the four dimensional coordinates and roman a, b, i, j, . . . for tangent space
indices. We set L = 1 in what follows.
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For the metric (4.3) we choose the vielbein
e0 = dη, ei = sinh(η)ei, with
∑
i
eiei = dΩ23 (A.1)
which give the spin connections12
ωi0 = cosh(η)ei, ωij = ωij (A.2)
We choose the following gamma matrices representation
γ0 = σ1 × I, γi = σ2 × σi, γ5 = −γ0γ1γ2γ3 = σ3 × I (A.3)
so that {γa, γb} = 2δab.
The Killing spinor equation is solved to give [40]
ξ1 = Aχ+ × ǫ− +B χ− × ǫ+ , ξ2 = C (σ3χ+)× ǫ− +D (σ3χ−)× ǫ+ (A.4)
with
χ+ =
(
sinh(η/2)
−i cosh(η/2)
)
, χ− =
(
cosh(η/2)
−i sinh(η/2)
)
(A.5)
and A,B,C,D complex constants. The ǫ± are Killing spinors on the S
3, that is,
∇aˆǫ± = ± i
2
γ˜aˆǫ± , (A.6)
and γ˜aˆ are gamma matrices on S
3. Since S3 admits two Killing spinors we have for each i = 1, 2
component four Killing spinors. This gives a total of sixteen solutions that get reduced to eight
after imposing a Majorana-symplectic reality constraint [41]
(ξi)∗ = −iǫij(I× σ2)ξj. (A.7)
In the following we construct explicitly this basis. First choose Killing spinors ǫi± in S
3 space
so that [40]
(ǫi±)
∗ = −iǫijσ2ǫj±. (A.8)
Under the reality constraint (A.7) we construct the “real” combinations(
ξ1
ξ2
)
=
(
χ+ × ǫ1−
(σ3χ+)× ǫ2−
)
,
(
χ− × ǫ1+
(σ3χ−)× ǫ2+
)
,
(
iχ+ × ǫ2−
i(σ3χ+)× ǫ1−
)
,
(
iχ− × ǫ2+
i(σ3χ−)× ǫ1+
)
(A.9)
together with the imaginary ones(
ξ1
ξ2
)
=
(
iχ+ × ǫ1−
−i(σ3χ+)× ǫ2−
)
,
(
iχ− × ǫ1+
−i(σ3χ−)× ǫ2+
)
,
(
χ+ × ǫ2−
−(σ3χ+)× ǫ1−
)
,
(
χ− × ǫ2+
−(σ3χ−)× ǫ1+
)
(A.10)
which give a total of eight Killing spinors.
12We have used dea + ωab ∧ eb = 0.
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B. Localization action
In this section we compute the bosonic part of the localization action and solve the localizations
equations that are obtained from it.
Firstly we describe some properties of the Killing spinor we will use for localization. We
have choosen (5.2)
ξ =
(
χ+ × ǫ1−
(σ3χ+)× ǫ2−
)
, (B.1)
where
χ+ =
(
sinh(η/2)
−i cosh(η/2)
)
, (B.2)
and ǫ− obeys a symplectic-majorana reality condition
(ǫi−)
∗ = −iǫijσ2ǫj−. (B.3)
We normalize the Killing spinor so that
ξ†ξ =
∑
i
(ξi)†ξi = cosh(η) (B.4)
ξ†γ0ξ = 0 , ξ†γiξ =
∑
i
(ξi)†γiξi = V i, i ∈ S3, V 2 = sinh(η)2 (B.5)
where V i is a right-invariant13 Killing vector. In the following we present some properties of
the Killing spinor that will be useful for computing the localization action
(ξ1)†ξ2 = 0 (B.6)
ξ†γ5ξ = −1 (B.7)
ξ†γabξ = 0, a, b = 0 . . . 5 (B.8)
ξ†η = ξ†γµγ5η = 0 (B.9)
ξ†γµη = −i sinh(η)δµ,0 (B.10)
The bosonic part of the localization action is given by the square of the fermionic SUSY trans-
formation (δΩ)†δΩ with
δΩi =
1
2
Fµνγ
µνξi + 2i /D(H − iγ5J)ξi + Y ijξj − 2(H + iγ5J)ηi (B.11)
and we have parametrized the scalars as X = H + iJ . We offset the values of the fields
so that they approach zero at the boundary. Due to the symmetry of the problem we take
Y 12 = Y
2
1 = 0.
13The isometry of S3 is SU(2)L × SU(2)R from which we can define left/right invariant Killing vectors.
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After some tedious algebra the bosonic part of the localization action can be written as a
sum of perfect squares
(δΩ)†δΩ =
1
4 cosh(η)
(
Fab cosh(η)− 1
2
ǫabcdF
cd − 2ǫabcd∂cJV d − 2ΘabJ
)2
+
+
1
2 cosh(η)
(
−1
2
ǫabcdF
bcV d + 2∂a(J cosh(η))
)2
+
2
cosh(η)
(V a∂aJ)
2
+
1
2 cosh(η)
(
FabV
b − 2∂aJ
)2
+ 4 cosh(η) (∂iH)
2 + 4 cosh(η)
(
∂ηH +
sinh(η)
cosh(η)
H
)2
+ cosh(η)
(
Y 11 −
2H
cosh(η)
)2
(B.12)
where we defined the tensor Θab as
Θab = −iξ†γabγ5η, (B.13)
which is real and has the following properties which are useful in computing the localization
action
Θ0i = − Vi
sinh(η)
, Θij =
cosh(η)
sinh(η)
ǫijkV
k, i, j ∈ S3. (B.14)
Since the localization action must vanish on the saddle points, this locus is alternatively deter-
mined by the vanishing of the different squares.
The equations for H and Y can be easily solved to give
H =
C
cosh(η)
, Y 11 =
2C
cosh(η)2
(B.15)
with C an arbitrary constant. If we had used instead the real Killing spinor with χ− we would
have found the same solution for X but now with Y 11 = − 2Ccosh(η)2 . This would have implied
that in order to obey all the Killing spinor equations we would need C = 0 and therefore X
had to be constant. Note that the localization action remains the same after flipping the sign
of h0, h1 in the renormalized action (5.26).
In order to solve for J and Fab it requires a bit more work. Lets first look at the equations
V µ∂µJ = 0, FµνV
ν = 2∂µJ. (B.16)
In a gauge where V µAµ = 0, which we can take assuming there is no Wilson line along that
direction, we can show that the above equations are equivalent to
∂zJ = 0, ∂zAµ = 2∂µJ (B.17)
in coordinates where V µ∂µ = ∂z
14. These can be solved to give
∂2zAµ = 0 ⇒ Aµ = az + b (B.18)
14Since V µ is a Killing vector we can always find coordinates where the metric looks like ds2 = (dz +A)2 +
gµνdx
µν with both A and gµν independent of z. In this particular problem this vector generates translations on
the Hopf fiber of the S3.
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where a, b are functions independent of z. Since z is parametrizes a circle we must have a = 0
otherwise the gauge field won’t be periodic. Therefore we conclude that
∂µJ = 0 ⇒ J = 0, FµνV ν = 0 (B.19)
To determine completely the gauge field we need to solve the equation
Fab cosh(η)− 1
2
ǫabcdF
cd = 0 ⇔ cosh(η)F = ⋆F (B.20)
This gives immediately F = 0. Note that at the origin η = 0, this equation admits a self-dual
instanton solution.
In order to make the superconformal algebra close off-shell in the hypermultiplet sector we
need to consider an infinite family of hypers (A αi , ζ
α)z, with z a label, as described in section 3.3.
These family of hypers are not independent from each other as there are constraints Γ = 0 that
relate hypers (A αi , ζ
α) to (A αi , ζ
α)z, (A αi , ζ
α)z to (A αi , ζ
α)(zz) and so on. However, once these
constraints are solved we are left with (A αi , ζ
α, A
α (z)
i ) as the only independent fields. In order
to localize the hypermultiplet fields we would look at the BPS equations
δζ = 0
δζ (z) = 0
δζ (zz) = 0
. . . (B.21)
for a particular supercharge generated by δ under the constraints Γ = 0. Naively this is a
very complicated problem that we want to avoid since the constraint equations are complicated
Klein-Gordon and Dirac type of equations. What we will do instead is to determine the solutions
of the off-shell δζ = 0 BPS equation for all eight Killing spinors and interpret the solution as
an off-shell background in the hyper sector. In this case we are left with the BPS equation for
the independent fields that can be easily solved to give
F αi = −i
2g√
8πG
σα3i(H · P ), 2g(J · P ) = −
1
L
(B.22)
C. Evaluation of the Action
To compute the vector multiplet action (5.9) we need the NIJ tensor, which is
N00 =
i
8
(
J1
J0
) 3
2 (
t3 + t
3
)
, N01 = −3i
8
(
J1
J0
) 1
2 (
t + t
)
, N11 = −3i
8
(
J1
J0
)− 1
2
(
1
t
+
1
t
)
(C.1)
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where we defined t =
√
X1
J1
/X
0
J0
=
√
i+h1/r
i+h0/r
and t its complex conjugate 15. Using r = cosh(η)
we can write the off-shell action as
Svec = Ω3L
2
√
J0(J)3
2i
∫
dr(r2 − 1)
[
−
(
1 +
(h0)2
r2
)(
t + t
)3
+
3
4
(h1)2
(
1
t
+
1
t
)
r2 − 1
r4
+
3
2
h1h0
(
t+ t
) r2 − 1
r4
− 1
4
(h0)2
(
t3 + t
3
) r2 − 1
r4
− 3
4
(
1
t
+
1
t
)(
1 + i
h1
r2
)2
− 3
2
(
t + t
)(
1 + i
h1
r2
)(
1 + i
h0
r2
)
+
1
4
(
t3 + t
3
)(
1 + i
h0
r2
)2 ]
(C.2)
This turns out to be a total differential of a relatively simple function, so integrating over r
gives
Ω3L
2
√
J0(J)3
2i
[
(r − 1)2
r
√
1 + ih1/r
1 + ih0/r
(−ih1(1− 2ih0 − r)− 2r(2 + r)− ih0(3 + r))+
+
(r + 1)2
r
√
1− ih1/r
1− ih0/r (−ih
1(1− 2ih0 + r) + 2r(2− r)− ih0(3− r))
] (C.3)
We now turn to the hypermultiplet action (5.11). We compute separately the quantities
4g2Ai βX
α
γX
γ
δA
δ
i d
β
α =
g2
πG
(X · P )(X · P ) = g
2
πG
(HIPI)
2
cosh2(η)
+
g2
πG
(J · P )2 (C.4)
gAi βY
jkα
γ A
γ
k ǫijd
β
α = −
gi
2πGL
HIPI
cosh2(η)
− g
2πGL
(J · P ) (C.5)
F αi F
i
βd
β
α = −
g2
πG
(HIPI)
2
cosh2(η)
. (C.6)
Plugging these values in (5.11) we obtain
Shyp = −iΩ3L4
∫ r0
1
dr(r2 − 1) 1
r2
g
2πGL
(h0J0P0 + h
1J1P1)
= −iΩ3gL
3
2πG
(r0 − 2)(h0J0P0 + h1J1P1) +O(1/r0)
(C.7)
Using the attractor equations (4.28) we get
Shyp = i
Ω3L
2
16πG
(r0 − 2)(h0 + 3h1) +O(1/r0) (C.8)
15We have chosen the branch cut of
√
X1/X0 along the negative real line and
√−1 = −i.This choice is
justified by the fact that we are taking J0 > 0 and J1 < 0.
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D. Fayet-Illiopoulos terms on rigid AdS4 background
As we have seen that the only role of the hypermultiplets is to provide a cosmological constant
via their coupling to the vector multiplet. They play essentially no role in determining the
localization locus and their contribution to the renormalized action is also minimal. In this
section we discuss a somewhat different possible route to deriving the renormalized action
without introducing the hypermultiplets or the flux boundary terms.
Consider for this purpose a supersymmetric QFT on the AdS4 background with Fayet-
Illioupoulos terms. The purpose of this exercise is to show that one can obtain the renormalized
action is given by (5.26). The setup is precisely the same as before but with additional FI terms.
In order to ensure supersymmetry, the scalars must be conformally coupled to the curvature
of the background and this is what superconformal gravity precisely does. Since the theory is
still off-shell the localization solutions are still the same except that the boundary conditions
for the scalars must be given.
We therefore consider a theory of vectors conformally coupled to AdS4
S =
∫
NIJX
I
XJ
R
6
+NIJ∂X
I
∂XJ − 1
8
NIJY
ijIY Jij , (D.1)
where we just show the bosonic part, and the curvature R is now fixed to −12/L2. As noted
before the coupling of the vectors to the hypermultiplets looks very much like a FI coupling
since the auxiliary fields Y ij couple linearly. On AdS4 we can show that the combination
Y ijσ
j
3 i −
4
L
(X −X) (D.2)
varies by supersymmetry into a total derivative and therefore it can be added to the action
(D.1). We tune the FI couplings ζI in order to obtain the same equations of motion as in (4.23),
that is,
ζI = − gi
8πG
PI . (D.3)
The localization equations are not changed and therefore we find the same instanton solu-
tions. We compute the renormalized action to get precisely the same renormalized action as
(5.29). In the gravitational context there was an additional flux boundary term but with the
FI couplings it is not required.
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